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SECTION A: Answer all Questions in this section
Q1. Determine whether the following statements are True T or False F, and circle appropriately.
@ If S is a nonempty subset of the natural numbers N, then there exists an element m e S

suchthatm < k forall k € S. T/E
(b) The open bounded interval (0,1) is an open set in R. T/E
(c) For any bounded sequence {a,}, the sequence m,, = inf{a;,: k = n} is an increasing sequence
TI/E
(d) Every nonempty bounded subset of real numbers has a least upper bound in R T/E
(e) If mis a lower bound for the set S, and m’ < m, then m' is not a lower bound for S. T/E
U] The ordered field Q of rational is not Archimedean T/E
(9) All divergent sequences are unbounded. T/E
(h)  Theset{1, 1.1,0.9,1.01,0.99,1.001,0.999, ... } is not bounded T/E
Q) The set {—0.9, 0.9,—-0.99,0.99,— 0.999,0.999, ...} has g.l.b =1andthe L. u.b = -1 T/E
()] A set S is called countable if and only if there is one and only one correspondence between S and
the set of natural numbers, N. T/E

(k) Thesequence f{a, }::l ={(-1)"},, is a convergent sequence T/E
() The union of two uncountable sets is countable T/E
(m)y If I, = [_71%] and N I, is an empty set, then I, is a nested Interval T/E
(n) Fora € R,n € N, the sequence {a™} converges if and only if |a| < 1 T/E
(0) (t) All sequences in (1&) converge to a limitas n —» o T/E
(p) The set of all limits points of a is called a derived set of A T/E
(o) The sequence {sin "2—"} ,V n € N is aconvergent sequence. T/E
(n If x, € (a,b) then for asmall value e e R (xo — €,x¢ + &) € (a, b) T/E
(s) The empty set @ and the whole space X are closed sets. T/E
) Every singleton subset of a metric space is closed. T/E
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SECTION B: Answer Two Questions from this section.
Q2. a. Prove that the set § = {0. 1, —1} is a field.

b. Prove that if the sequence (x,) converges to [ and the sequence (y,) converges to m asn — o
then the sequence (x, + y,) converges to (I + m).

c. (i) State the Nested Interval lemma or theorem.

(if) Show that the interval I = [Oﬂ IS nested.

Q3. (a) Define the following terms: (i) Subsequence (ii) Cauchy sequence

(b) Prove that every convergent sequence is a Cauchy sequence.
n+1

1\" . 1 .
(c) Leta, = (1 + ;) ,V integers n > 1;and b, := (1 + ;) ,Vintegersn > 1

Prove that: (i) a, <b,,Vn =1, (ii) {b,}is a monotone decreasing sequence

Q4. (a) Let the set R? of all ordered pairs of real numbers with metric space p, be defined by

zz:(xi - ¥)°
i=1

where x = (x;,x,) and y = (y,, y,), for arbitrary x, vy € R2. Describe and illustrate graphically,

1
2

pZ(xJY) =

the sets (i). B;(0)  (ii). B;(0) and (iii). S; (0) where 0 = (0,0) inR?.

(b) Let X be a metric space with metric d. Show that d defined by d (x,y) = \/X7F_;(xx — yi)?

where x and y are arbitrary elements of X, is also a metric on X.

Examiners: J Acquah/ L. Brew
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